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Control of focusing forces and emittances in plasma-based accelerators using 
near-hollow plasma channels 

C. B. Schroeder, E. Esarey, C. Benedetti, and W. P. Leemans 

Lawrence Berkeley National Laboratory, Berkeley, California 94720 USA 

(Dated: 30 April 2013) 

A near-hollow plasma channel, where the plasma density in the channel is much less than the plasma density 
in the walls, is proposed to provide independent control over the focusing and accelerating forces in a plasma 
accelerator. In this geometry the low density in the channel contributes to the focusing forces, while the 
accelerating fields are determined by the high density in the channel walls. The channel also provides guiding 
for intense laser pulses used for wakefield excitation. In certain regimes, both electron and positron beams 
can be accelerated and focused in a nearly symmetric fashion. Near-hollow plasma channels can effectively 
mitigate emittance growth due to Coulomb scattering for high-energy physics applications. 



I. INTRODUCTION 

Plasma-based accelerators are of interest because of 
their ability to sustain large acceleration gradients, en- 
abling compact accelerating structures. The electric 
field of the electron plasma wave is on the o rder of 
Eq = cnieUjp/e, or Eo[Y/m] ~ 96y'no[cm~3], where 
ujp — kpC — (47rnoe^/me)^' ^ is the electron plasma fre- 
quency, no is the ambient electron number density, rue 
and e are the electron rest mass and charge, respectively, 
and c is the speed of light in vacuum. This field can 
be several orders of magnitude greater than conventional 
accelerators, which are limited by material breakdown. 
Electron plasma waves with relativistic phase velocities 
may be excited by the ponderomotive force of an in- 
tense laser^ or the space-charge force of a charged par- 
ticle beam.^'"^ High-quality 1 GeV electron beams have 
been produced using using 40 TW laser pulses in cm- 
scale plasmas.^ Beam-driven plasma waves have also been 
used to double the energy of a fraction of electrons on the 
beam tail by the plasma wave excited by the beam head.^ 
These experimental successes have resulted in further in- 
terest in the development of plasma-based acceleration 
as a basis for future linear colliders.^"* 

The focusing forces acting on beams originate from 
the transverse wakefields in the plasma. For beam or 
laser drivers in the blow-out regime Ub/nQ 3> 1 the focus- 
ing forces are determined by the background ion density. 
For laser-driven plasma waves in the quasi-linear regime, 
the focusing forces can be controlled by controlling the 
transverse wakefields using shaped transverse laser inten- 
sity profiles.^ Matching the beam to the focusing force is 
required to prevent emittance growth, and independent 
control of the transverse focusing and longitudinal accel- 
erating forces and, hence, the beam radius, is desired for 
control of emittance. ^° 

For high-energy physics applications, beams require 
ultra-low emittance to achieve the required luminos- 
ity. For fixed beam size, matching the beam in a 
plasma accelerator requires adjusting the focusing force 
of the wakefield as the beam accelerates such that kp = 
en/(70'^)i where kjs is the betatron wavenumber of the fo- 



cusing force, e„ is the normalized transverse emittance, 
ax the beam transverse size, and 7 is the beam energy 
Lorentz factor. For beam density greater than the plasma 
density Ub 3> uq, the beam will blowout the surround- 
ing electrons such that kp = fcp/-y/27, and for sufficiently 
high beam density in a uniform plasma Ub/riQ 3> Mi/rrie, 
where Mi is the ion mass, the background plasma ions 
will move on the plasma period time-scale, leading to 
emittance growth. ^^ Maintaining Ub < hq typically re- 
quires weak focusing kjs = e„/(7cr^) <C kp/^/j. This 
weak focusing can lead to emittance growth via Coulomb 
scattering with background ions in the plasma. 

Hollow plasma channels, with zero density out to the 
channel radius and constant density for larger radii, have 
been studied^^'"'^'^ due to the beneficial properties of the 
accelerating structure. In a hollow channel, the trans- 
verse profile of the driver is largely decoupled from the 
transverse profile of the accelerating mode. Therefore, 
for a relativistic driver, the accelerating gradient is uni- 
form and the focusing fields are linear. In addition, the 
accelerating mode of the hollow channel is primarily elec- 
tromagnetic, unlike the electrostatic fields excited in a 
homogeneous plasma. 

In this work, we propose to use a partially-filled (near- 
hollow) plasma channel, with plasma density in the chan- 
nel much less than the plasma density in the channel wall, 
to provide independent control of the focusing forces. In 
this geometry, the plasma density in the channel con- 
tributes to the focusing force, and the accelerating force 
is determined by the plasma density in the channel walls. 
For a sufficiently relativistic driver, the focusing wake- 
field is transversely linear and axially uniform. Hence 
any projected transverse emittance growth due to beam 
head-to-tail mismatch is eliminated. It is also shown 
that the accelerating and focusing forces in this geome- 
try can mitigate emittance growth via Coulomb collisions 
with background ions, preserving ultra-low emittance for 
high-energy physics applications. Ion motion in the chan- 
nel is also negligible for resonant beams. A near-hollow 
channel, as described below, allows matched beam prop- 
agation with a constant beam density without significant 
emittance growth via scattering. In certain regimes, both 
electrons and positrons beams can be accelerated and fo- 



cused in a nearly symmetrical fashion. 



II. WAKEFIELDS IN NEAR-HOLLOW CHANNELS 

Consider a plasma channel with an initial plasma den- 
sity of the form n{r) = n^ for r < r^ and n{r) = n^ 
for r > Tc, where n^, is the electron plasma density in 
the wall, ric is the electron plasma density in the chan- 
nel {ric <C riuj), and re is the channel radius. We will 
consider kwVc ~ 1 where fc^ = Annwe'^ /nieC^ is the 
plasma wavenumber corresponding to the wall density. 
To provide weak focusing of an electron beam we will con- 
sider kl <^ fcj, where fc^ = Anrice'^/meC^ is the plasma 
wavenumber corresponding to the channel density. 

Excitation of large amplitude plasma waves requires 
high-intensity lasers, ao ^ 1, where a§ ~ 7.32 x 
10~"'^^Ao[/^m]/o[W/cm ] with Aq the laser wavelength and 
Jo the peak laser intensity. Note that such a plasma 
channel can effectively guide a laser pulse, ^^ as the chan- 
nel depth (not the on-axis density) provides for laser 
guiding.^ The laser spot size wq for quasi-matched prop- 
agation can be computed following Ref. 14, and wq ^ r^ 
is typically required for guiding. In this regime ao/(l + 
ao/2)^/^ > fc^Wo/2, and the transverse ponderomotive 
force of the laser will expel the channel electrons, leav- 
ing an ion channel.^ This ion channel can provide linear, 
phase-independent focusing for an ultra-relativistic wit- 
ness bunch. In the following we will consider wakefields 
excited by a laser driver, although a particle beam driver 
can also excite wakefields with similar properties in a 
near-hollow channel. 

The wake excited in such a channel will consists of an 
electromagnetic wake owing to surface currents driven in 
the channel walls and a wake owing to the background 
ions in the channel. In the limit k^ -^ k^, the accelerat- 
ing field in the channel is dominated by the currents in 
the wall and has the form-*^^ 
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-E.^n fcdC'cos[fc(C~C')]a'(^ = ^c,C')/4, (1) 



where a{r, C,) — eA/mc^ is the normalized transverse vec- 
tor potential profile of the laser, ( = z — f3pt, cfip is the 
driver velocity and 7p = (1 — /3p)~^/^ ~> 1. For a laser 
driver, 7p ~ ko/kw = 27r/(fct„Ao). The excited mode 
wavenumber is^^'^'^ 
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and, for typical parameters, il ^ 1. The focusing field 
excited in the channel is given by 
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FIG. 1. Plasma wakefield excited by a quasi-matched, res- 
onant Gaussian laser pulse with ao = 1 and k^wo = 2.3 in 
a near-hollow channel with kwTc = 1.5 and nc/rim ~ 10~^, 
5 X 10~^ and 10"'*. (a) On axis accelerating wakefield Ez/En, 
versus kui{z — ct). (b) Focusing wakefield (E,- — Bg)/Ew in 
the channel (at the peak Ez) versus k^r. 



where 7^ = 1/(1-/3^) ^ 1 and c(3 witness beam ve- 
locity. Here Eyj = meC^kw/e and E^ — nieC^kc/ e. The 
first term on the right-hand side of Eq. (3) is due to 
the ion cavity in the channel and the second term is 
due to the currents driven in the channel walls. The 
focusing force is linear to order 0(7"^) with respect to 
the radial position E^ — (iBg ex r and hence the rms 
normalized transverse (slice) emittance is conserved to 
that order. In the regime ndn^ > o,oii"c)/{S'lp) and 
7^ S> 7p, the focusing from the channel ion density dom- 
inates Ez — (3Bg ~ Eckcr/2 and kp = kd \/2F(. In this 
case the focusing force is uniform (in phase) over the en- 
tire bunch, eliminating any betatron mismatch between 
the head and tail of the beam.^^ Matched propagation is 
achieved for nc/n^ = 2(fcme„)^/[7(fcu,tTa;)'']. For the case 
of an effectively hollow channel, the focusing forces can 
be controlled by proper phasing of a short witness beam 
in the wakefield. Acceleration of positron beams would 
operate in this regime. 

Figure 1 shows the normalized longitudinal E^/E^ 
and transverse {Er — Bo)/Eu, wakefields excited by a 
quasi-matched,^'* resonant Gaussian laser with oq = 1, 
ko/kw — 100, and k^WQ — 2.3, in a channel with 
kwrc = 1-5 and nc/riTt, = 10^^, 5 x 10^^ and 10""'. 
The wakefields shown in Fig. 1 were computed using the 
particle-in-cell code INF&RNO.*^ Figure 1(a) shows the ac- 



celerating field is determined by the wall density and in- 
dependent of the channel density for n^ ^ n^. In ad- 
dition, the accelerating field is uniform with respect to 
radial position inside the channel. Figure 1(b) shows in- 
dependent control over the focusing field on a witness 
bunch (for fixed accelerating field) by varying the chan- 
nel density. These transverse wakefields have excellent 
properties for beam emittance preservation, namely lin- 
ear oc r and axially constant throughout a witness beam. 



III. EMITTANCE GROWTH BY SCATTERING 

It is well-known that emittance growth can occur by 
elastic scattering with the plasma ions.^'"'^'''^^ Coulomb 
collisions results in a change of the rms divergence of the 
beam particle. ^^ For the case of a near- hollow channel. 
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[Z,kl In (r,/r^in) + Z^kl In (1 + Xd/tc)] , (4) 



where A9j. = Ap^/p^ is the ratio of transverse to longi- 
tudinal particle momentum, Z is the charge state of the 
ions (i.e., rii — n^jZ the ion number density), and the 
brackets indicate an rms average over many scattering 
events. In the quasi-linear wakefield regime, background 
electrons are present and provide screening in the chan- 
nel walls, such that the maximum impact parameter is 
''max ~ ?'c + Ad where Ad = (fcBT/47m^e^)^/^ is the De- 
bye length. For typical laser-ionized plasmas, the elec- 
tron plasma temperature feB^ is on the order of eV. For 
k^r^ ^ 1, XdItc ^ {kYiT/rrieC^Y/'^ = Ah < 1- The min- 
imum impact parameter is the effective nuclear radius. 
Tram = 1.4^^/"^ fm, with A the mass number. ^'^ For typ- 
ical parameters, ln(rc/rjnin) ^ 10 and ln(l + Xo/rc) ^ 
/3th ^ 1- For a relativistic particle undergoing linear fo- 
cusing (Fx/rrieC^ = —k'ix) with acceleration and an ap- 
proximately matched beam, the resulting rms normalized 
emittance e„ — je^ growth is 
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Strong focusing (large kp) suppresses the emittance 
growth from scattering. 



A. Constant focusing force in homogeneous plasma 

To compare to the case of a near-hollow channel, we 
first review the case of scattering in a homogeneous 
plasma. ^'^^'^* Consider a constant focusing force, with 
kjs = k/j^'"^ and k = constant. For the quasi-linear 
laser-driven wake regime, k^ — {(j)o/r'^)sinip, where ip 
is phase location of the beam in the plasma wave, r±_ is 
the transverse scale length of the wakefield, and (po is the 



wakefield amplitude. The accelerating field is d'y/dz = 
kpEz/E(). Assuming the quasi- linear laser-driven wake 
regime, dj/dz — kp(po cosip. In the highly-nonlinear bub- 



ble regime. 



kp/^/2 and Ez/Eq = kpTB/^, where tb 



is the bubble radius (approximately the nonlinear plasma 
wavelength) . 

For constant wakefield focusing, the emittance growth 
is 



f^p^e'^ 



den _ 

dj " 2K{Ez/Eoh^/^ 

which may be solved to yield 



J^H V max / ^min j 



(6) 



Ae„ 



f£r) 



niEz/Eo 



r„Zh\ 



^f 



1/2 



T 



1/2 



), (7) 



where 7/ and 7^ are the final and initial beam energies, 
respectively. Note that Tmax = Ad in the quasi-linear 
regime and rmax ~ rs in the nonlinear bubble regime. 
For the quasi-linear regime. 
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and in the bubble regime, kp/[K{Ez/Eo)] = 2^/2/{kprB)- 



Typically kprj_ 



1 and kpVB 



1 , such that 



kp/[K(Ez/ Eq)] ^ 1 and there is a weak dependence on the 
plasma density. Scattering is suppressed by the strong 
focusing provided by the plasma wave. As the beam ac- 
celerates, the beam radius decreases and the peak beam 
density increases. In the quasi-linear regime, this could 
lead to beam- induced plasma blow-out when Ub > no, 
which could be partially mitigated using bunch trains. 



B. Constant beam density in homogeneous plasma 

If fixed beam density is desired, i.e., cFx = constant, 
one may consider varying the focusing force with energy 
such that the beam remains matched k/s = e„/(7(7^) or 
K oc 1/7^'^. In this case, the emittance growth is 
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where e^/ and eni are the final and initial normalized 
beam emittances, respectively. With 7/ ^ 7^ and e„/ ^ 
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This emittance growth can be prohibitively large for 
high-energy physics applications. Note that a similar ex- 
pression was obtained in Ref. 21. 



C. Constant beam density in near-hollow plasma channel 



IV. SUMMARY AND CONCLUSIONS 



Consider the case of scattering in a near-hollow plasma 
channel. We assume ndn^ <C 1, and ric In (rc/rmm) < 
niuln(l + Xd/tc) ~ nwl3t\i/{kwrc), where the scattering 
is dominated by interaction of the beam with the ions in 
the wall of the plasma channel. In this case the scattering 
rate is 






(12) 



where E^ is given by Eq. (1). With a focusing force 
that maintains constant beam density, cr^ ~ ^n/ {ikp) — 
constant, the emittance growth is 
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For typical laser-plasma parameters, E^/E^ ^ a? < 1, 
kw(Tx ^ 1, k^rc ^ I, Z^ ^ 1, and /3th ^ 10"^. Hence, 
for £„/ > e™ and 7/ > 7i, e„/ -- (7/^eAh/fc«))^^^- 
For high-energy physics applications 7/ — 10^, and if 
the laser-plasma accelerator is operating at a density of 
n^ = 10^^ cm~^, then e„y ^ 10~^ m. This emittance 
growth is acceptable for high-energy physics applications. 
By contrast, Eq. (11) implies e„^ ^ 10^® m for similar 
parameters. 



D. Constant focusing force in near-hollow plasma channel 

For a near-hollow channel, the beam density need not 
be constant and a constant focusing force can be con- 
sidered. In this case, the beam pinches as it accelerates, 
however beam-induced plasma blow-out is not an issue 
since the beam is propagating in an ion channel and on- 
axis electrons are not required to provide focusing. Fur- 
thermore, the beam induced wake (beam loading) excited 
in the channel walls will be largely determined by the to- 
tal beam charge, and not the peak beam density. The 
on-axis peak density can increase until limits imposed by 
ion motion. 

For constant focusing, the rate of scattering is 



th 
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and the emittance growth is 
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For typical laser-plasma parameters, Ez/Ew ^ c? < 1, 
kwTc ^ I, Zw ^ 1, K ^ kwhp, and /3th ^ 10^^. Hence, 

1 /2 

for 7/ > 7i, Ae„ -- IpTelithl/ ■ For high-energy physics 
applications 7/ = 10^, and if the laser-plasma accelerator 
is operating at a plasma density such that 7p = 10^, then 
Ae„ < 10^^^ m, which is orders of magnitude smaller 
than that given by Eq. (13). 



In this work, we have described a method to indepen- 
dently control the focusing and accelerating forces pro- 
vided by a plasma accelerator by using a near-hollow 
{ric/nw ^ 1) plasma channel. The accelerating wake- 
field is determined by the wall density Uw In the limit 
nc/riyj > ao(''c)/(^7p) ^^e channel density Uc determines 
the focusing wakefield, and k/i = kc/y/2rf. This con- 
trol of the focusing field allows matched propagation of 
a witness beam accelerated by the wakefield driven by 
an intense laser pulse or relativistic beam. In princi- 
ple, this channel geometry can provide perfectly matched 
propagation of a high-energy beam, reducing emittance 
growth. Emittance growth via Coulomb scattering is 
mitigated using this transverse plasma profile, enabling 
high-energy physics applications. Use of a near-hollow 
plasma channel removes the need for low density bunches 
Ub < no for control of the focusing forces, thereby al- 
lowing strong focusing to be applied (in the quasi-linear 
regime of laser- plasma acceleration) , further reducing the 
emittance growth. 

The near-hollow channel in the limit described above, 
in which the focusing is provided by the channel ions 
Uc, is applicable to accelerating and focusing electron 
beams. For positron beams, required for high-energy 
physics applications, one can consider operating in the 
limit ricjnyj < Og (re )/(87p) in which the focusing is de- 
termined by the electromagnetic mode excited in the 
channel wall. In this case, the focusing force is given 
by K^ = [{Ez/E^)flta.n->p]k'^/{4'yp). In this regime, elec- 
trons and positrons can be accelerated and focused in a 
nearly symmetrical fashion. 

In this analysis we have neglected ion motion. Ion mo- 
tion in the channel due to the presence of a beam can es- 
timated as Ar/rg ~ Zc(me/Mi){nb/nyj){k.u,c/S£f' , where 
To is the channel ion position, Ar is the displacement of 
the ion during interaction with the witness beam, and At 
is the interaction time between the witness beam and a 
background ion. For resonant beams k^cl^t < 1. Suffi- 
ciently weak focusing should be provided such that the 
beam density satisfies Zc{me/Mi){nb/nw) <C 1, and the 
motion of ions in the channel is negligible. 

Other non-ideal effects may influence the wakefield 
structure. For example, finite wall thickness in the chan- 
nel (i.e., a finite gradient in plasma density at the wall) 
will result in a slow decay of the wakefield, due to mode 
coupling at fc^(r) = fc, with characteristic length scale 
Ld ~ fcu>/(i9r^Mi),^^ typically orders of magnitude larger 
than k^^ . 

Although the example presented in Fig. 1 considered a 
laser driver, a beam driver will produce a similar wake- 
field structure in a near-hollow plasma channel with the 
wakefield phase velocity approximately the drive beam 
velocity. Use of relativistic beams would enable the fo- 
cusing to be dominated by the channel ions for lower 
channel densities. 
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